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~~~KKK 1.

� m, n´�ê� n > 0. y²�3��
�é�ê q, r ¦� m = qn + r,Ù¥ 0 6 r < n.
yyy. ùp�y���333555.
�{�£ûS�n¤
©Ûµ

−n 0 n 2n · · · kn m (k + 1)n

�Ä8Ü S = {m− kn|k´�ê� m− kn > 0}.
0 ∈ S.d��3�ê k¦� m = kn.
- q = k, r = 0,K m = qn + r.
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Ù¥ q = −q2, r = 0.
XJ r2 6= 0,K m = (−1−q2)n+n−r2 = qn+r,

Ù¥ q = −1−q2, 0 < r = n−r2 < n.
dd��§� m < 0�§�35¤á.
�é?¿�ê m,�35¤á.
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b� m1,m2, . . . ,mk ´üüp���
�ê§ a1, a2, . . . , ak ´?¿ k��ê§KÓ{�
§| 

x ≡ a1(mod m1)
x ≡ a2(mod m2)
· · · · · · · · · · · · · · ·
x ≡ ak(mod mk)

k�ê).e x§x′ þ�TÓ{�§|�)§K

x ≡ x′(mod m1m2 · · ·mk).
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yyy.

Ï� m1,m2, . . . ,mk üüp�§¤±,

(mi,m1m2 · · ·mi−1mi+1 · · ·mk) = 1,∀ 1 6 i 6 k.

u´�3�ê si, ti ¦�

1 = simi + tim1m1 · · ·mi−1mi+1 · · ·mk.
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� x = a1r1 + a2r2 + · · ·+ akrk,K

x ≡ airi(mod mi) ≡ ai(mod mi), 1 6 i 6 k.

e x§x′ þ�Ó{�§|�)§ K mi|x − x′, i =
1, 2, · · · , k. du m1,m2, . . . ,mk üüp�, ¤±
m1m2 · · ·mk|x− x′,= x ≡ x′(mod m1m2 · · ·mk).
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)Ó{�§|
x ≡ 2(mod 3), x ≡ 3(mod 5), x ≡ 2(mod 7).
))).Äk§(3, 35) = 1.

Ï� 1 = 12 · 3 + (−1) · 35,¤±� r1 = −35.
Ùg§ (5, 21) = 1.

Ï� 1 = (−4) · 5 + 21,¤±� r2 = 21.
2g§ (7, 15) = 1.

Ï� 1 = (−7) · 5 + 15,¤±� r3 = 15.
u´§ x = 2 · (−35) + 3 · 21 + 2 · 15 = 23Ò´

��§|�).
´�§�§|�¤k)�µ23 + 105 · k,Ù¥ k

��ê, 23´�§|�����ê).
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~~~KKK 4.

¦��gê�$�õ�ª f (x) ¦�
f (x)� (x− 1)2 Ø{ 2x,¿�� (x− 2)3 Ø{ 3x.
))).�{�£|^½Â¤
� f (x) = q1(x)(x−1)2+2x = q2(x)(x− 2)3+3x,

Ù¥ q1(x), q2(x)´õ�ª,
K q1(x)(x− 1)2 + 2x
= q2(x)((x− 1)− 1)3 + 3x
= q2(x)((x−1)3−3(x−1)2 +3(x−1)−1)+3x.
u´ [q1(x)− q2(x)(x− 1) + 3q2(x)](x− 1)2

= q2(x)(3x− 4) + x,
l
 (x− 1)2 | q2(x)(3x− 4) + x.
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�
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−4B = 3A,
)��

{
A = 4
B = −3.
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�{�£|^¥I�{½n¤

Äk§
(x− 2)3 = ((x− 1)− 1)3

= (x− 1)3 − 3(x− 1)2 + 3(x− 1)− 1
= (x− 4)(x− 1)2 + 3x− 4,

(x− 1)2 = (1
3x− 2

9)(3x− 4) + 1
9.

Ïd§
1
9 = (x− 1)2 − (1

3x− 2
9)(3x− 4)

= (x− 1)2 − (1
3x− 2

9)[(x− 2)3 − (x− 4)(x− 1)2]
= [1 + (1

3x− 2
9)(x− 4)](x− 1)2− (1

3x− 2
9)(x− 2)3

= (1
3x2 − 14

9 x + 17
9 )(x− 1)2 − (1

3x− 2
9)(x− 2)3,

l
§ 1 = (3x2 − 14x + 17)(x− 1)2 − (3x− 2)(x− 2)3.
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u´§

2x
= (2x)(3x2−14x+17)(x−1)2−(2x)(3x− 2)(x− 2)3,

3x
= (3x)(3x2 − 14x + 17)(x− 1)2 − (3x)(3x− 2)(x− 2)3.
- f1(x)
= −(2x)(3x− 2)(x− 2)3+(3x)(3x2 − 14x + 17)(x− 1)2,
5¿ f1(x)�Ä�� −6x5 + 9x5 = 3x5.
- f (x) = f1(x)− 3(x− 1)2(x− 2)3,
K f (x) = 4x4 − 27x3 + 66x2 − 65x + 24� (x− 1)2

Ø{ 2x,¿�� (x− 2)3 Ø{ 3x.
´�§f (x)´÷v^��gê�$�õ�ª.
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JacobsonÚÚÚnnn
~~~KKK 5.

� A,BÑ´ n?�
, E ´ n?ü 
Ý
. XJ E−AB�_§y²µE−BA�_§¿
¦ (E − BA)−1.
yyy. ��é�� n?�
 X ¦� (E − BA)X = E.
¯¢þ§ E = E − BA + BA

= E − BA + BEA
= E − BA + B(E − AB)(E − AB)−1A
= E − BA + (B− BAB)(E − AB)−1A
= E − BA + (E − BA)B(E − AB)−1A
= (E − BA)(E + B(E − AB)−1A),

¤± E − BA�_§¿�
(E − BA)−1 = E + B(E − AB)−1A.
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JacobsonÚÚÚnnn
~~~KKK 5. � A,BÑ´ n?�
, E ´ n?ü 

Ý
. XJ E−AB�_§y²µE−BA�_§¿
¦ (E − BA)−1.
yyy. ��é�� n?�
 X ¦� (E − BA)X = E.
¯¢þ§ E = E − BA + BA

= E − BA + BEA
= E − BA + B(E − AB)(E − AB)−1A
= E − BA + (B− BAB)(E − AB)−1A
= E − BA + (E − BA)B(E − AB)−1A
= (E − BA)(E + B(E − AB)−1A),

¤± E − BA�_§¿�
(E − BA)−1 = E + B(E − AB)−1A.
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��o� JacobsonÚnº
�[��§ 1− x2 = (1 + x)(1− x)
���¹e§

1− xn = (1 + x + · · ·+ xn−1)(1− x).
e |x| < 1,K
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1− xn = (1 + x + · · ·+ xn−1)(1− x).
e |x| < 1,K

(1− x)−1 = 1
1−x = 1 + x + x2 + x3 + · · · .

b� (E − BA)−1 �±/ª/Ðmµ
(E − BA)−1

= E + BA + BABA + BABABA + BABABABA + · · · ,
K (E − BA)−1

= E + B(E + AB + ABAB + ABABAB + · · · )A
= E + B(E − AB)−1A.



888¹¹¹ ���������ÆÆÆUUU������­­­���555 HHH®®®���ÆÆÆ���������ÆÆÆUUU��� HHH®®®���ÆÆÆ555ppp������êêê666���§§§���ÆÆÆUUU��� ���ÆÆÆSSSNNN���¥¥¥ÆÆÆ���§§§qqq��� ���ÆÆÆSSSNNN������UUU���§§§qqq��� ���SSSKKK������ïïïÄÄÄqqq���

¯¢þ§

(E − BA)(E + B(E − AB)−1A)
= E − BA + (E − BA)B(E − AB)−1A
= E − BA + (B− BAB)(E − AB)−1A
= E − BA + B(E − AB)(E − AB)−1A
= E − BA + BA
= E.
dd��§ (E − BA)−1 = E + B(E − AB)−1A.
Halmos rc¡ù�E|8õu Jacobson§

¦+ù�O��E|¿vk/¤Ún���y
²�
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~~~KKK 6.

� A,B,AB − E Ñ´ n ?�_Ý

§Ù¥ E ´ n ?ü Ý
. y²µA − B−1 �
(A− B−1)−1 − A−1 þ�_§¿¦

((A− B−1)−1 − A−1)−1.

yyy.Äk§du A− B−1

= ABB−1 − EB−1

= (AB− E)B−1,
¤±§ A− B−1 �_§
¿� (A− B−1)−1 = B(AB− E)−1.
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� A� n?�
, E� n?ü Ý
.
XJ A2 = A,y²µ�(A) +�(A− E) = n.
yyy.Ï� A(A− E) = A2 − A = 0,

¤± �(A) +�(A− E) 6 n.
qÏ� �(A) +�(A− E)

=�(A) +�(E − A)
>�(A + E − A)
=�(E)
= n.

��(A) +�(A− E) = n.
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� A,B,C,DÑ´ n?�
,� |A| 6= 0,

AC = CA.y²µ
∣∣∣∣ A B

C D

∣∣∣∣ = |AD− CB|.
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E 0

−CA−1 E

)(
A B
C D
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=
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A B
0 D− CA−1B
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,

ü>�1�ª�§∣∣∣∣ A B
C D

∣∣∣∣ = ∣∣∣∣ A B
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∣∣∣∣
= |A||D− CA−1B| = |AD− ACA−1B|
= |AD− CAA−1B| = |AD− CB|.
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